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Dedicated to Alain Connes.
Abstract
We prove that the regular von Neumann subalgebras B of the hyperfinite II1 factor R
satisfying the condition B′ ∩ R = Z(B) are completely classified (up to conjugacy by an
automorphism of R) by the associated discrete measured groupoid G = GB⊂R. We obtain
a similar classification result for triple inclusions A ⊂ B ⊂ R, where A is a Cartan subal-
gebra in R and the intermediate von Neumann algebra B is regular in R. A key step in
proving these results is to show the vanishing cohomology for the associated cocycle actions
(αB⊂R, uB⊂R) of G on B. We in fact prove two very general vanishing cohomology results
for free cocycle actions (α, u) of amenable discrete measured groupoids G on arbitrary tracial
von Neumann algebras B, resp. Cartan inclusions A ⊂ B. Our work provides a unified ap-
proach and generalizations to many known vanishing cohomology and classification results
[CFW81], [O85], [ST84], [BG84], [FSZ88], [P18], etc.
1 Introduction
Connes’s fundamental theorem ([C75]), establishing the equivalence between amenability and
finite dimensional approximation (AFD) for finite von Neumann algebras, has two remark-
able consequences. On the one hand, it gives a complete classification of the von Neu-
mann subalgebras of the hyperfinite II1 factor R, showing that they are all AFD of the form
B = ⊕n≥1(An ⊗Mn×n(C))⊕ (A0 ⊗R), where An, 0 ≤ n <∞, are separable and abelian, pos-
sibly equal to 0. On the other hand, it shows that any crossed product von Neumann algebra
B ⋊α,u G, corresponding to a free cocycle action (α, u) of an amenable discrete groupoid G on
a diffuse tracial AFD algebra B, which is ergodic on the center Z(B) of B, is isomorphic to R.
During the late 1970s and early 1980s, much effort has been put into clarifying whether such
a crossed product decomposition of R is in fact uniquely determined by the nature of B and
G alone (thus not depending on (α, u)). Alternatively, the question is whether any two regular
copies B ⊂ R of a specific AFD algebra B, with B′ ∩R = Z(B) and with the same associated
amenable discrete measured groupoid GB⊂R = G, are conjugate by an automorphism of R. The
assumptions imply that B is necessarily homogeneous of the form B = L∞(X,µ) ⊗N , where
either N ≃ Mn×n(C), for some n ≥ 1, or N ≃ R. The normalizer NR(B) := {u ∈ U(R) |
uBu∗ = B} defines an amenable discrete measured groupoid G = GB⊂R together with a free
cocycle action (α, u) of G on B (see Section 2 for a rigorous definition and detailed discussion of
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discrete measured groupoids and their free cocycle actions on tracial von Neumann algebras).
The groupoid G accounts for an amenable ergodic countable equivalence relation “along” the
space G(0) = X of units of G, with amenable countable isotropy groups Γx at each x ∈ X
acting outerly on Bx ≃ N . When B is abelian, then B ≃ L∞(X,µ) and one calls it a Cartan
subalgebra of R. In this case, G is just a countable equivalence relation R on X, with α intrinsic
to R. If B is a factor, then B ≃ R and GB⊂R coincides with the group Γ = NR(B)/U(B), which
is automatically countable amenable, with (α, u) the free cocycle action of Γ on B implemented
by NR(B).
The uniqueness problem has been solved in two important cases: when B is abelian, i.e.,
for Cartan subalgebras of R ([CFW81]); and when B is a factor, i.e., when B ≃ R ([O85]).
Thus, it was shown in [CFW81] that any two Cartan subalgebras of R are conjugate by an
automorphism of R. Equivalently, there is a unique amenable ergodic type II1 equivalence
relation, which has vanishing 2-cohomology. This also implies that for any n ≥ 2, any two
regular subalgebras of type In of R are conjugate by an automorphism of R. In turn, the result
in [O85] shows hat any two free cocycle actions of the same countable amenable group Γ on
B ≃ R are cocycle conjugate. Equivalently, given any countable amenable group Γ, there exists
a unique (up to conjugacy by an automorphism of R) irreducible regular subfactor B ⊂ R with
NR(B)/U(B) ≃ Γ.
An important step towards solving the remaining case when B is an arbitrary II1 AFD algebra,
B ≃ L∞(X,µ) ⊗ R, has been achieved in [ST84], where it was shown that any two free
genuine actions α of the same amenable discrete measured groupoid G on B that are ergodic
on Z(B) = L∞(X) = L∞(G(0)), are cocycle conjugate. However, this result does not settle the
uniqueness of all cocycle actions (α, u) of G on arbitrary such B.
We solve this last step here, by proving that in fact any such cocycle u untwists. When
combined with [ST84], this shows the uniqueness of all cocycle actions of G on B. Equivalently,
all regular embeddings B ⊂ R, with B′ ∩ R = Z(B), of a given II1 AFD algebra B that have
the same groupoid GB⊂R ≃ G are conjugate by an automorphism of R.
We in fact prove a very general vanishing cohomology result, showing that any free cocycle
action (α, u) of any amenable discrete measured groupoid G on any (not necessarily AFD)
tracial von Neumann algebra (B, τ), untwists. We also prove a relative version of this result,
by showing that if in addition (α, u) is assumed to normalize a Cartan subalgebra A of B, on
which it acts freely, then the vanishing cohomology can be realized within the normalizer of A
in B, i.e., as a coboundary of a map from G into the normalizer of A in B. More precisely, in
Theorems 3.1 and 5.2, we show:
Theorem A. Let G be a discrete measured groupoid with X = G(0) and (Bx)x∈X a measurable
field of II1 factors with separable predual. Assume that G is amenable and that (α, u) is a free
cocycle action of G on (Bx)x∈X .
1. The cocycle u is a co-boundary: there exists a measurable field of unitaries G ∋ g 7→ wg ∈
Bt(g) such that u(g, h) = αg(w
∗
h)w
∗
g wgh for all (g, h) ∈ G(2).
2. If (α, u) globally preserves a field of Cartan subalgebras (Ax ⊂ Bx)x∈X and induces an outer
action on the associated equivalence relations, then wg can be chosen in NBt(g)(At(g)).
We also show in Proposition 5.1 that if A ⊂ B ⊂ M is a triple inclusion of von Neumann
algebras, with M a II1 factor and A Cartan in M , then B is regular in M iff A ⊂ B is regular
in M (i.e. the normalizer of A ⊂ B in M , NM (A ⊂ B) := {u ∈ U(M) | uAu∗ = A, uBu∗ = B},
generates M) and iff the corresponding inclusion of equivalence relations RA⊂B ⊂ RA⊂M is
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strongly normal in the sense of [FSZ88]. When combined with the second part of Theorem
A, this shows that if in addition M is assumed amenable relative to B, then such a triple
A ⊂ B ⊂ M can be identified with A ⊂ B ⊂ B ⋊α G, where G = GB⊂M and α is a genuine
action of G on B that leaves A invariant. Also the equivalence relation RA⊂M can then be
written as a genuine semidirect product of RA⊂B and an action of G. Initiated in [FSZ88],
the study of normal subequivalence relations saw a revival of interest in recent years, and this
structural result about the co-amenable case may be relevant in this direction.
As we mentioned before, while [CFW81] shows the uniqueness up to conjugacy by automor-
phisms of R of the regular von Neumann subalgebras B ⊂ R of type In satisfying B′∩R = Z(B),
the first part of Theorem A combined with [ST84] shows the uniqueness up to conjugacy by
automorphisms of R of regular von Neumann subalgebras B ⊂ R of type II1 that satisfy
B′ ∩ R = Z(B) and have the same groupoid. Since any groupoid G has a “model action” on
B that normalizes a Cartan subalgebra A of B on which it acts freely, this uniqueness result
also implies that any regular subalgebra B ⊂ R contains a Cartan subalgebra of R. We use
the second part of Theorem A to also prove that any two Cartan subalgebras A1, A2 of R that
are contained in B are conjugate by an automorphism of R that leaves B globally invariant.
Altogether, in Theorem 3.2, Corollary 3.4 and Theorem 5.3, we obtain:
Theorem B. Let R be the hyperfinite II1 factor.
1. Two regular von Neumann subalgebras B ⊂ R satisfying B′∩R = Z(B) are conjugate by an
automorphism of R if and only if they are of the same type and have isomorphic associated
discrete measured groupoids GB⊂R.
2. Any such B contains a Cartan subalgebra of R and if A1, A2 ⊂ B are Cartan in R, there
exists an automorphism θ of R satisfying θ(B) = B and θ(A1) = A2.
Our proofs of Theorems A and B make use of the known 2-cocycle vanishing theorems for
amenable groups on factors, resp. equivalence relations (see [O85, P18, FSZ88]), as well as the
uniqueness, up to cocycle conjugacy, of free actions of amenable groups on the hyperfinite II1
factor, resp. equivalence relation (see [O85,BG84]). We apply these results to the isotropy
groups Γx = {g ∈ G | s(g) = t(g) = x} of an amenable groupoid G. In order to extend to the
entire groupoid G, we have to make equivariant choices of 2-cocycle vanishing, resp. cocycle
conjugacy, for the Γx, where the equivariance is w.r.t. to the isomorphisms Γx → Γy given by
conjugation with an element g ∈ G with s(g) = x and t(g) = y.
The proof of this later part depends on two key points. The first one is the technical Theorem
3.5, saying that such an equivariant choice exists, provided that the 2-cocycle vanishing, resp.
cocycle conjugacy for Γx, can be done in an “approximately unique way”.
More precisely, assume that (α, u) is an outer cocycle action of the countable amenable group Γ
on a II1 factor B. By [P18], we know that u is a co-boundary: we can choose unitary elements
(wg)g∈Γ in B such that u(g, h) = αg(w
∗
h)w
∗
g wgh. Then, βg = Adwg ◦ αg defines an outer
action of Γ on B. Any other choice of w such that u = ∂w is of the form vgwg, where (vg)g∈Γ
is a 1-cocycle for the action β, meaning that vgh = vg βg(vh). By the above “approximate
uniqueness” of w, we mean that every such 1-cocycle v is approximately a co-boundary.
The second key point is then to prove such approximate vanishing of 1-cocycles for arbitrary
amenable groups (see Theorem 4.1). We state this result below because of its independent
interest.
Theorem C. Let Γ be a countable group. The following properties are equivalent.
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(i) Γ is amenable.
(ii) No free trace preserving action Γyσ (B, τ) on a tracial diffuse von Neumann algebra is
strongly ergodic.
(iii) For every free action Γyσ N on a II1 factor N , the fixed point algebra of the ultrapower
action σω on Nω is an irreducible subfactor of Nω.
(iv) Given any free action Γ yσ N on a II1 factor N , any 1-cocycle w = (wg)g∈Γ for σ
is approximately a co-boundary: for every finite subset F ⊂ Γ and every ε > 0, there
exists u ∈ U(N) such that ‖uσg(u∗)−wg‖2 ≤ ε for all g ∈ F . Equivalently, there exists a
unitary U ∈ Nω such that Uσωg (U∗) = wg, ∀g ∈ Γ, i.e., w is a co-boundary as a 1-cocycle
for σω.
The proof of the above result is quite subtle, with the statement itself being somewhat sur-
prising, given its generality. Note in this respect that 1-cocycles for a unitary representation
of an amenable group need not be approximately co-boundary (see [S03]). We similarly prove
an approximate vanishing of 1-cocycles with values in the normalizer of a Cartan subalgebra,
which we need in the proof of the second part of Theorem A (see Theorem 4.7).
In [P18], the class of countable groups satisfying 2-cohomology vanishing for cocycle actions
on II1 factors is denoted as VC. In [P18, Remarks 4.5], it is speculated that VC might coincide
with the class of treeable groups. We elaborate on this in Section 6 and this leads us to a new
notion of treeability for countable pmp equivalence relations, which we call weak treeability. It
is not known whether every treeable group is strongly treeable. We prove that this question is
closely related to the question whether every weakly treeable equivalence relation is treeable.
Similarly, we introduce a fixed price problem for equivalence relations and relate it to the fixed
price problem for groups.
In the final Section 7, we construct numerous families of amenable discrete measured groupoids.
We show that even though there is a unique ergodic amenable equivalence relation of type II1,
the classification problem of amenable discrete measured groupoids is strictly harder than the
classification of amenable groups. Even restricting to groupoids G for which a.e. isotropy group
is Z2, one may “encode” ergodic transformations of the interval [0, 1] up to conjugacy into such
amenable groupoids up to isomorphism (see Corollary 7.2).
2 Discrete measured groupoids, cocycle actions and crossed
products
In this section, we summarize some of the basic terminology and well known results on discrete
measured groupoids and their actions. Recall that a discrete measured groupoid G is a groupoid
with the following extra structure. This concept goes back to [M63].
• G is a standard Borel space and the units G(0) ⊂ G form a Borel subset.
• The source and target maps s, t : G → G(0) are Borel and countable-to-one.
• Defining G(2) = {(g, h) ∈ G×G | s(g) = t(h)}, the multiplication map G(2) → G : (g, h) 7→ gh
is Borel. The inverse map G → G : g 7→ g−1 is Borel.
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• G(0) is equipped with a probability measure µ such that, denoting by µs and µt the σ-finite
measures on G given by integrating the counting measure over s, t : G → G(0), we have that
µs ∼ µt.
We say that G is probability measure preserving (pmp) if µs = µt. To every discrete measured
groupoid G is associated the countable nonsingular equivalence relation R on (G(0), µ) given by
R = {(t(g), s(g)) | g ∈ G} .
Note that G is pmp if and only if R is a pmp equivalence relation. We say that G is ergodic if
the associated equivalence relation R is ergodic.
Remark 2.1. In this paper, we only work in the measurable context, discarding sets of measure
zero whenever useful. By von Neumann’s measurable selection theorem (see e.g. [K95, Theorem
18.1]), we therefore never have problems choosing measurable sections. Also, all isomorphisms
between measure spaces, fields of von Neumann algebras, measured groupoids, are defined up
to sets of measure zero. Whenever we write for all, this should be interpreted as for almost
every, whenever appropriate.
Using [S85, Sections 1 and 2], we may consider measurable fields of any kind of ‘separable struc-
tures’: von Neumann algebras with separable predual, standard probability spaces, countable
groups, Polish spaces, Polish groups, etc. In particular, by [S85, Theorem 2.5], all natural
definitions of such measurable fields are equivalent.
Fix a discrete measured groupoid G and write X = G(0). Define G(2) as above and similarly
define G(3).
Definition 2.2. A cocycle action (α, u) of G on a measurable field (Bx)x∈X of von Neumann
algebras with separable predual is given by
• a measurable field of ∗-isomorphisms G ∋ g 7→ αg : Bs(g) → Bt(g),
• a measurable field of unitaries G(2) ∋ (g, h) 7→ u(g, h) ∈ U(Bt(g)),
satisfying
αg ◦ αh = Ad(u(g, h)) ◦ αgh for all (g, h) ∈ G(2),
αg(u(h, k))u(g, hk)) = u(g, h)u(gh, k) for all (g, h, k) ∈ G(3),
αg = id when g ∈ G(0),
u(g, h) = 1 when g ∈ G(0) or h ∈ G(0).
An automorphism α of a von Neumann algebra B is said to be free (or properly outer) if the
only element v ∈ B satisfying vx = α(x)v for all x ∈ B is the zero element v = 0. When B is
a factor, an automorphism α is free if and only if it is outer, meaning that there is no unitary
element v ∈ U(B) such that α = Ad v.
Denote by Γx = {g ∈ G | s(g) = t(g) = x} the isotropy groups of G. The cocycle action (α, u)
is said to be free if for almost every x ∈ X and all g ∈ Γx with g 6= e, the ∗-automorphism
αg : Bx → Bx is free.
The cocycle actions (α, u) of G on (Bx)x∈X and (β,Ψ) of G on (Dx)x∈X are said to be cocycle
conjugate if there exists a measurable field of ∗-isomorphisms X ∋ x 7→ θx : Bx → Dx and a
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measurable field of unitaries G ∋ g 7→ wg ∈ U(Dt(g)) satisfying
θt(g) ◦ αg ◦ θ−1s(g) = Adwg ◦ βg for all g ∈ G,
θt(g)(u(g, h)) = wg βg(wh)Ψ(g, h)w
∗
gh for all (g, h) ∈ G(1).
The cocycle crossed product construction associates to every cocycle action (α, u) a regular
inclusion of von Neumann algebras B ⊂M together with a faithful normal conditional expec-
tation E : M → B. The cocycle crossed product M can be easily defined by first considering
the full pseudogroup [[G]] of G consisting of all Borel sets U ⊂ G with the property that the
restrictions to U of the source map s and the target map t are injective, and identifying U ,U ′
if they differ by a set of measure zero. The composition of U ,V ∈ [[G]] is defined as
U · V = {gh | g ∈ U , h ∈ V, s(g) = t(h)} .
For every U ∈ [[G]], define the Borel map ϕU : s(U)→ t(U) : ϕU (s(g)) = t(g) for all g ∈ U .
Writing
B =
∫ ⊕
X
Bx dµ(x) ,
the cocycle action (α, u) of G on (Bx)x∈X can be reinterpreted as follows in terms of [[G]]. To
every U ∈ [[G]], there corresponds a ∗-isomorphism αU : B1s(U) → B1t(U) given by
(αU (b))(t(g)) = αg(b(s(g))) for all b ∈ B1s(U), g ∈ U .
To every U ,V ∈ [[G]], there corresponds a unitary element u(U ,V) ∈ B1t(U·V) given by
u(U ,V)t(gh) = u(g, h) for all g ∈ U and h ∈ V with s(g) = t(h).
Then, the cocycle crossed product M is generated by B and partial isometries u(U) for all
U ∈ [[G]] satisfying the following properties.
u(U)∗u(U) = 1s(U) and u(U)u(U)∗ = 1t(U) ,
u(U)u(V) = u(U ,V)u(U · V) ,
u(U)bu(U)∗ = αU (b) for all b ∈ B1s(U),
E(u(U)) = 1U∩G(0) .
Note that B′ ∩M = L∞(X) if and only if almost every Bx is a factor and the cocycle action
is free.
Conversely, whenever M is a von Neumann algebra with separable predual and B ⊂ M is a
regular von Neumann subalgebra with a faithful normal conditional expectation E : M → B
and B′ ∩M = Z(B), there is a canonical discrete measured groupoid G = GB⊂M and a cocycle
action of G on the field of factors given by the central decomposition of B, such that B ⊂ M
is isomorphic with the cocycle crossed product inclusion. To see this, define P as the set of
partial isometries v ∈ M such that the projections p = v∗v and q = vv∗ belong to Z(B) and
vBv∗ = Bq. Define the equivalence relation ∼ on P by v ∼ w if and only if v ∈ Bw. Using
the usual correspondence between groupoids and inverse semigroups, one identifies P/∼ with
the full pseudogroup [[G]] of an essentially unique discrete measured groupoid G with space of
units G(0) satisfying L∞(G(0)) = Z(B).
Writing X = G(0) and writing B as the direct integral of factors (Bx)x∈X , the above relation
between P and the full pseudogroup [[G]] provides a cocycle action of G on (Bx)x∈X . By
construction, B ⊂M is isomorphic with the cocycle crossed product inclusion.
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Two such cocycle crossed product inclusions are isomorphic if and only if the corresponding
measured groupoids are isomorphic and their cocycle actions are cocycle conjugate through this
isomorphism of groupoids. This bijective correspondence between regular inclusions B ⊂ M
and cocycle crossed products can be viewed in different ways. In [DFP18], this is interpreted
in the language of inverse semigroups, where cocycle actions of groupoids become extensions
of inverse semigroups.
Note that the cocycle crossed product of a free cocycle action of G on a field (Bx)x∈X of factors
admits a faithful normal tracial state if and only if each Bx admits such a faithful normal
tracial state and X = G(0) admits an invariant probability measure that is equivalent with
µ. So, when (M, τ) is a tracial von Neumann algebra and B ⊂ M is a regular von Neumann
subalgebra satisfying B′ ∩M = Z(B), we can decompose M as the cocycle crossed product of
a cocycle action of a pmp discrete measured groupoid G on a field of tracial factors. We get
that M is a factor if and only if G is ergodic.
Recall from [AR00, Section 3.2] the notion of amenability for discrete measured groupoids.
Also recall from [AR00, Section 5.3] that G is amenable if and only if the countable equivalence
relation R is amenable and almost all isotropy groups Γx are amenable.
3 Vanishing of 2-cohomology for amenable groupoids
In this section, we prove the first parts of Theorem A and B. So we first prove the following
result.
Theorem 3.1. Let G be a discrete measured groupoid with X = G(0) and (Bx)x∈X a measurable
field of II1 factors with separable predual. Assume that G is amenable.
When (α, u) is a free cocycle action of G on (Bx)x∈X , the cocycle u is a co-boundary: there
exists a measurable field of unitaries G ∋ g 7→ wg ∈ Bt(g) such that
u(g, h) = αg(w
∗
h)w
∗
g wgh for all (g, h) ∈ G(2).
By Theorem 3.1, if (M, τ) is a tracial von Neumann algebra and B ⊂ M is a regular von
Neumann subalgebra satisfying B′∩M = Z(B) such that the associated groupoid is amenable,
then the inclusion B ⊂M is isomorphic to a true crossed product inclusion, without 2-cocycle.
So in combination with [ST84, Theorem 1.2], we obtain the following classification of regular
subalgebras of amenable tracial von Neumann algebras.
Theorem 3.2. Let R be the hyperfinite II1 factor. The regular von Neumann subalgebras
B ⊂ R satisfying B′ ∩M = Z(B) are completely classified by the associated discrete measured
groupoid and the type of B.
More precisely, given two such inclusions Bi ⊂ R with associated groupoids Gi, i = 1, 2, there
exists an automorphism θ ∈ Aut(R) satisfying θ(B1) = B2 if and only if B1 and B2 have the
same type and there exists a measure class preserving isomorphism G1 ∼= G2.
Remark 3.3. One may formulate Theorem 3.2 without the factoriality assumption on R, i.e.
for arbitrary amenable tracial von Neumann algebras (M, τ) and their regular von Neumann
subalgebras B ⊂ M satisfying B′ ∩M = Z(B). In that case, denote for every n ≥ 1, by
zn ∈ Z(B) the largest central projection such that Bzn is of type In. Let z0 = 1 −
∑∞
n=1 zn,
so that Bz0 is of type II1. Since B ⊂ M is regular, we have that zn ∈ Z(M) for every n ≥ 0.
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The discrete measured groupoid G associated with B ⊂ M can then be viewed as the disjoint
union of the groupoids G(n) = GBzn⊂Mzn .
Note that since nontrivial groups do not have free actions on type I factors, each of the groupoids
G(n), n ≥ 1, has trivial isotropy groups, meaning that each G(n) is a countable equivalence
relation.
The general statement of Theorem 3.2 then goes as follows. Given, for i = 1, 2, amenable tracial
von Neumann algebras (Mi, τi) with regular von Neumann subalgebras Bi ⊂ Mi satisfying
B′i ∩ Mi = Z(Bi), denote by G(n)i the associated discrete measured groupoids. Then there
exists a ∗-isomorphism θ :M1 →M2 satisfying θ(B1) = B2 if and only if for every n ≥ 0, there
is a measure class preserving isomorphism G(n)1 ∼= G(n)2 .
Proof of Theorem 3.1. Denote by Γx = {g ∈ G | t(g) = s(g) = x} the field of isotropy groups.
Denote by B ⊂M the cocycle crossed product and define D = Z(B)′∩M . Note that B ⊂ D ⊂
M and Z(B) = Z(D). By construction, we have a measurable field of cocycle actions Γx y Bx
and D is the direct integral of the cocycle crossed products Bx ⋊ Γx. By [P18, Theorem 0.1],
every cocycle action of an amenable group on a II1 factor can be perturbed to a genuine action.
So, after a perturbation of (α, u), we may assume that Dx is the crossed product of Bx and a
genuine action of Γx, which means that u(g, h) = 1 whenever s(g) = t(g). We denote by u(x, g),
x ∈ X, g ∈ Γx, the canonical unitary elements realizing this crossed product decomposition
Dx = Bx ⋊ Γx.
Denote by R the countable, nonsingular equivalence relation on (X,µ) given by
R = {(t(g), s(g)) | g ∈ G} .
Since G is amenable, R is an amenable equivalence relation. So, up to measure zero, X can
be partitioned into R-invariant Borel subsets X = X0 ⊔X1 such that the restriction of R to
X0 has finite orbits and thus admits a fundamental domain, while the restriction of R to X1 is
implemented by a free nonsingular action of the group Z. It follows that the groupoid morphism
G → R : g 7→ (t(g), s(g)) admits a measurable lift q : R→ G that is itself a morphism, meaning
that q(x, y)q(y, z) = q(x, z) for all (x, y), (y, z) ∈ R.
We may then view G as the semidirect product of the field (Γx)x∈X of groups and the measurable
family of group isomorphisms δ(x,y) : Γy → Γx given by δ(x,y)(g) = q(x, y)gq(x, y)−1 for all
(x, y) ∈ R and all g ∈ Γy. Note that δ(x,y) ◦ δ(y,z) = δ(x,z).
For the same reason as above, we can perturb (α, u) so that the composition with q is a genuine
action of R on the field (Bx)x∈X . This means that we have written M as the crossed product
of
D =
∫ ⊕
X
(Bx ⋊ Γx) dµ(x)
by an action of R given by a field of ∗-isomorphisms θ(x,y) : (By ⊂ By ⋊Γy)→ (Bx ⊂ Bx⋊Γx)
of the form
θ(x,y)(b) = αq(x,y)(b) for all (x, y) ∈ R and b ∈ By,
θ(x,y)(u(y, g)) ∈ U(Bx)u(x, δ(x,y)(g)) for all (x, y) ∈ R and g ∈ Γy,
and satisfying θ(x,y) ◦ θ(y,z) = θ(x,z).
In order to prove the theorem, we have to show that there exist measurable families of unitaries
v(x, y) ∈ U(Bx) (for (x, y) ∈ R) and w(y, g) ∈ U(By) (for y ∈ X, g ∈ Γy) such that
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• v is a 1-cocycle for the action θ of R on (Bx)x∈X , in the sense that v(x, y)α(x,y)(v(y, z)) =
v(x, z) for all (x, y), (y, z) ∈ R,
• for all y ∈ X, we have that (w(y, g))g∈Γy is a 1-cocycle for the action Γy y By,
• we have (Ad(v(x, y))◦θ(x,y))
(
w(y, g)u(y, g)
)
= w(x, δ(x,y)(g))u(x, δ(x,y)(g)) for all (x, y) ∈ R
and g ∈ Γy.
Indeed, once this is proved, we can perturb (α, u) in such a way that Dx is still the crossed
product of Bx and a genuine action of Γx (with implementing unitary elements w(x, g)u(x, g),
g ∈ Γx) and such that M is the crossed product by an action of R on D given by genuine
conjugacies between these actions. This means that we have decomposed M as the crossed
product of B and a genuine action of the groupoid G, which is exactly what we have to prove.
So it remains to prove the statement above. Denote by Px the normalizer of Bx inside Dx.
Note that Px ⊂ U(Dx) is a closed subgroup and that Px = {bu(x, g) | b ∈ U(Bx), g ∈ Γx}.
We obtain the natural homomorphism Px → Γx : bu(x, g) 7→ g. We denote by Px the Polish
space of homomorphic lifts Γx → Px, which we can identify with the space of 1-cocycles for
the action Γx y Bx. We have a natural action U(Bx)y Px given by conjugation.
Given a lifting homomorphism γ : Γy → Py and given (x, y) ∈ R, we define the lifting homo-
morphism β(x,y)(γ) : Γx → Px given by
β(x,y)(γ) = θ(x,y) ◦ γ ◦ δ−1(x,y) .
We have found a measurable field of homeomorphisms β(x,y) : Py → Px satisfying β(x,y)◦β(y,z) =
β(x,z). We also have the measurable field of Polish group isomorphisms θ(x,y) : U(By)→ U(Bx)
satisfying θ(x,y) ◦ θ(y,z) = θ(x,z). By construction,
β(x,y)(b · γ) = θ(x,y)(b) · β(x,y)(γ)
meaning that θ(x,y), β(x,y) form a measurable field of conjugacies between the continuous Polish
group actions U(Bx)y Px.
By Theorem 4.1 below, the actions U(Bx)y Px have dense orbits. By Theorem 3.5 below, we
can thus find a measurable section X ∋ x 7→ π(x) ∈ Px and a 1-cocycle R ∋ (x, y) 7→ v(x, y) ∈
U(Bx) satisfying
v(x, y) · β(x,y)(π(y)) = π(x) for all (x, y) ∈ R.
Writing π(x)(g) = w(x, g)u(x, g), the theorem is proved.
Corollary 3.4. Let (M, τ) be an amenable tracial von Neumann algebra with separable predual
and B ⊂ M a regular von Neumann subalgebra. Then B′ ∩M = Z(B) if and only if there
exists a Cartan subalgebra A ⊂M with A ⊂ B.
Proof. If A ⊂ M is a Cartan subalgebra with A ⊂ B, we have B′ ∩M ⊂ A′ ∩M = A ⊂ B.
Therefore, B′ ∩M = Z(B).
Conversely, assume that B ⊂ M is a regular von Neumann subalgebra satisfying B′ ∩M =
Z(B). As in Remark 3.3, denote for every n ≥ 1, by zn ∈ Z(B) the largest central projection
such that Bzn is of type In. Since B ⊂ M is regular, we have that zn ∈ Z(M). Since it is
straightforward to construct Cartan subalgebras An ⊂ Mzn with An ⊂ Bzn (and such that
Bzn ∼=Mn(C)⊗An), we may assume that B is of type II1.
By Theorem 3.1, we can write B ⊂M as the crossed product inclusion B ⊂ B⋊ G, where G is
a pmp amenable discrete measured groupoid acting freely on B. Write X = G(0) and choose
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any free action of G on a field of Cartan subalgebras (Cx ⊂ Dx)x∈X , with each Dx being the
hyperfinite II1 factor. Let C ⊂ D ⊂ N be the corresponding crossed product inclusion. By
Theorem 3.2, there exists a ∗-isomorphism θ : N →M satisfying θ(D) = B. Writing A = θ(C),
we have found the required Cartan subalgebra of M .
Although the formulation of the following result looks quite different from the ‘cohomology
lemmas’ in [JT82, Appendix] and [S85, Theorem 5.5], the proof is very similar to the proof of
[S85, Theorem 5.5].
Theorem 3.5. Let R be a countable nonsingular equivalence relation on the standard probabil-
ity space (X,µ). Let (Gx y Px)x∈X be a measurable field of continuous actions of Polish groups
on Polish spaces, on which R is acting by conjugacies: we have measurable fields of group iso-
morphisms R ∋ (x, y) 7→ δ(x,y) : Gy → Gx and homeomorphisms R ∋ (x, y) 7→ β(x,y) : Py → Px
satisfying
δ(x,y) ◦ δ(y,z) = δ(x,z) , β(x,y) ◦ β(y,z) = β(x,z) and β(x,y)(g · π) = δ(x,y)(g) · β(x,y)(π)
for all (x, y), (y, z) ∈ R and g ∈ Gy, π ∈ Py. Let X ∋ x 7→ π(x) ∈ Px be a measurable section.
Assume that R is amenable and assume that for all (x, y) ∈ R, the element π(x) belongs to the
closure of Gx · β(x,y)(π(y)).
Then, there exists a measurable family R ∋ (x, y) 7→ v(x, y) ∈ Gx and a section X ∋ x 7→
π′(x) ∈ Px satisfying the following properties.
• v is a 1-cocycle: v(x, y) δ(x,y)(v(y, z)) = v(x, z) for all (x, y), (y, z) ∈ R.
• v(x, y) · β(x,y)(π′(y)) = π′(x) for all (x, y) ∈ R.
Proof. By [CFW81, Theorem 10], the equivalence relation R is hyperfinite. Fix subequivalence
relations R0 ⊂ R1 ⊂ · · · having finite orbits such that R =
⋃
nRn, up to measure zero. We
assume that R0 = {(x, x) | x ∈ X} is the trivial subequivalence relation. To prove the theorem,
we inductively define 1-cocycles Rn ∋ (x, y) 7→ vn(x, y) ∈ Gx and sections X ∋ x 7→ πn(x) ∈ Px
with the following properties.
• For every n ≥ 0, the restriction of vn+1 to Rn equals vn.
• Defining βn,(x,y)(π) = vn(x, y) · β(x,y)(π) for all π ∈ Py, (x, y) ∈ Rn, n ≥ 0, we have
βn,(x,y)(πn(y)) = πn(x) for all (x, y) ∈ Rn.
• For all n ≥ 0 and all x ∈ X, we have that πn(x) ∈ Gx · π(x).
• For all x ∈ X, the sequence πn(x) ∈ Px is convergent.
Once these statements are proven, we can define π′(x) = limn πn(x) and v(x, y) = vn(x, y)
whenever (x, y) ∈ Rn.
Choose a measurable family of metrics dx on Px that induce the topology on Px. Define
v0(x, x) = 1 and π0(x) = π(x). Then assume that n ≥ 0 and that vn and πn have been defined.
Write βn,(x,y)(π) = vn(x, y) · β(x,y)(π). Choose a fundamental domain X0 ⊂ X for Rn. Every
y ∈ X0 has a finite Rn-orbit. Therefore, since βn,(x,y) : Py → Px is a homeomorphism, we can
choose a measurable function y 7→ εy > 0 such that
dx(βn,(x,y)(π), βn,(x,y)(πn(y))) < 2
−n
whenever y ∈ X0, (x, y) ∈ Rn, π ∈ Py and dy(π, πn(y)) < εy.
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Denote by S the restriction of Rn+1 to X0. Choose a fundamental domain X1 ⊂ X0 for S.
Note that X1 also is a fundamental domain for Rn+1.
Whenever y ∈ X1 and (x, y) ∈ S, by assumption, π(x) belongs to the closure of
Gx · β(x,y)(π(y)) = Gx · β(x,y)(πn(y)) .
Since πn(x) ∈ Gx · π(x), also πn(x) belongs to the closure of Gx · β(x,y)(πn(y)).
Defining S1 = {(x, y) ∈ S | x ∈ X0 \ X1, y ∈ X1}, we can thus choose a measurable map
S1 ∋ (x, y) 7→ w(x, y) ∈ Gx such that
dx(πn(x), w(x, y) · β(x,y)(πn(y))) < min{εx, 2−n} for all (x, y) ∈ S1.
Since Rn+1 is the free product of Rn and S, we can define vn+1 as the unique 1-cocycle
Rn+1 ∋ (x, y) 7→ vn+1(x, y) ∈ Gx satisfying vn+1(x, y) = vn(x, y) for all (x, y) ∈ Rn and
vn+1(x, y) = w(x, y) for all (x, y) ∈ S. Define
βn+1,(x,y)(π) = vn+1(x, y) · β(x,y)(π) for all (x, y) ∈ Rn+1 and π ∈ Py.
Uniquely define the section X ∋ x 7→ πn+1(x) ∈ Px given by
πn+1(x) = πn(x) if x ∈ X1, and
πn+1(x) = βn+1,(x,y)(πn(y)) if x ∈ X \X1, y ∈ X1, (x, y) ∈ Rn+1.
By construction, βn+1,(x,y)(πn+1(y)) = πn+1(x) for all (x, y) ∈ Rn+1.
When x ∈ X0 \ X1, take the unique y ∈ X1 with (x, y) ∈ Rn+1. Then (x, y) ∈ S1, so that
πn+1(x) = w(x, y) · β(x,y)(πn(y)) and thus
dx(πn+1(x), πn(x)) < min{εx, 2−n} .
When x ∈ X \X0, take the unique y ∈ X0 with (x, y) ∈ Rn. Since dy(πn+1(y), πn(y)) < εy and
βn,(x,y)(πn(y)) = πn(x), we find that
dx(βn,(x,y)(πn+1(y)), πn(x)) < 2
−n .
Because (x, y) ∈ Rn, we get that βn,(x,y)(πn+1(y)) = βn+1,(x,y)(πn+1(y)) = πn+1(x). So, we
have proved that dx(πn+1(x), πn(x)) < 2
−n for all x ∈ X.
Continuing inductively, it follows that for all x ∈ X, the sequence πn(x) ∈ Px is convergent.
This concludes the proof of the theorem.
4 Approximate vanishing of 1-cocycles
Recall that a trace preserving action Γ yσ (B, τ) on a tracial von Neumann algebra is called
strongly ergodic if any sequence bn in the unit ball of B satisfying the approximate invariance
property limn ‖σg(bn)− bn‖2 = 0 for all g ∈ Γ must be approximately scalar, in the sense that
limn ‖bn − τ(bn)1‖2 = 0.
Theorem 4.1. Let Γ be a countable group. The following properties are equivalent.
(i) Γ is amenable.
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(ii) No free trace preserving action Γyσ (B, τ) on a tracial diffuse von Neumann algebra is
strongly ergodic.
(ii’) For every free trace preserving action Γ yσ (B, τ) on a tracial diffuse von Neumann
algebra and for every non-principal ultrafilter ω on N, the ultrapower action σω on B =
Bω has a diffuse fixed point algebra Bσω .
(ii”) The Bernoulli Γ-action Γ yσ R = (M2×2(C))
⊗Γ with base M2×2(C) is not strongly
ergodic.
(iii) For every free action Γyσ N on a II1 factor N , every 1-cocycle (wg)g∈Γ is approximately
a co-boundary: for every finite subset F ⊂ Γ and every ε > 0, there exists u ∈ U(N)
such that ‖uσg(u∗)− wg‖2 ≤ ε for all g ∈ F .
(iii’) The previous statement with N being the hyperfinite II1 factor.
(iv) Let Γ yσn Nn be a sequence of free Γ-actions on II1 factors. Let ω be a non-principal
ultrafilter on N and denote by N =∏ωNn the corresponding ultraproduct II1 factor with
σ =
∏
ω σn the ultraproduct Γ-action, where σg((xn)n) = (σn,g(xn))n. Then, the fixed
point algebra N σ is an irreducible subfactor of N .
(v) In the same setting as (iv), every 1-cocycle for σ =
∏
ω σn is a co-boundary.
Proof. (i) ⇒ (iv). It is sufficient to prove that given any x ∈ (N )1, there exists a von Neumann
subalgebra B ⊂ N σ such that EB′∩N (x) = τ(x)1. Let x = (xn)n with xn ∈ (Nn)1 and let
Fn ⊂ Γ be an increasing sequence of finite subsets exhausting Γ. By Lemma 4.4, for each n,
there exists a finite dimensional abelian von Neumann subalgebra An ⊂ N such that
‖σg(y)− y‖2 ≤ 2−n for all y ∈ (An)1, g ∈ Fn , (4.1)
‖EA′n∩N (xn)− τ(xn)1‖2 ≤ 2−n . (4.2)
By (4.1), it follows that B =
∏
ω An is contained in the fixed point algebra N σ, while (4.2)
implies that EB′∩N (x) = τ(x)1.
(iv) ⇒ (iii). We use Connes’ 2-by-2 matrix trick, as in the proof of [P18, Proposition 1.3.1◦].
Denote be σ˜ the Γ-action on N˜ = M2×2(N) = N ⊗M2×2(C) given by σ˜g = σg ⊗ id. Denoting
by {eij | 1 ≤ i, j ≤ 2} the matrix units for M2×2(C) ⊂ N˜ , we get that w˜g = e11 + wge22 is a
1-cocycle for σ˜, and thus also for the ultrapower action σ˜ω on N˜ω.
Note that if we denote σ′g = (Ad w˜g)◦ σ˜g, then its ultrapower (σ′)ω coincides with (Ad w˜g)◦ σ˜ω .
Thus, since we assume that (iv) holds, the fixed point algebra Q of the Γ-action (σ′)ω on N˜ω
is an irreducible subfactor of N˜ω. Since e11, e22 are projections in Q, it follows that they are
equivalent in Q via a partial isometry u∗e12 ∈ Q, for some u ∈ U(Nω). But the fact that u∗e12
lies in the fixed point algebra Q is equivalent to the fact that wg = uσ
ω
g (u
∗) for all g ∈ Γ, i.e.,
w is a co-boundary for σω. Then, (iii) follows.
(iii) ⇒ (v). By (iii), every 1-cocycle for σ is approximately a co-boundary. By the usual
re-indexation argument, the 1-cocycle is a true co-boundary.
(v) ⇒ (iii) follows by taking Nn = N for all n.
(ii’) ⇒ (ii) ⇒ (ii”), as well as (iii) ⇒ (iii’), are trivial.
(iv) ⇒ (ii’). Let z ∈ Z(B) be the largest projection such that Z(B)z is diffuse. Then, z is
Γ-invariant and it follows from [S81] that Z(B)σωz is diffuse. For the atomic part, it follows
from (iv) that Bσω(1− z) is diffuse.
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The implication (ii”) ⇒ (i) is contained in [J81].
(iii’) ⇒ (i). For this, we follow a similar argument to [P18, Proposition 1.3.2◦] and [P01,
Theorem 3.2]. Let (N0, ϕ0) be a copy of the 2 by 2 matrix algebra with the state given by
the weights 1/3 and 2/3. Let Γyα (N , ϕ) = ⊗g(N0, ϕ0)g be the Bernoulli Γ-action with base
(N0, ϕ0) and denote by N = Nϕ the centralizer of the state ϕ. Note that N is isomorphic with
the hyperfinite II1 factor. Denote by σ the corresponding Connes-Størmer Bernoulli action,
given by restricting α to the II1 factor N .
Let B ⊂ N be a copy of the 2 by 2 matrix algebra with matrix units (eij)1≤i,j≤2. By our choice
of ϕ0 and because N is a factor, we can choose an isometry v ∈ N such that σϕt (v) = 2−itv
and vv∗ = e11. As in [P18, Proposition 1.3.2
◦] and [P01, Theorem 3.2], define the 1-cocycle
(wg)g∈Γ for σ given by
wg = vαg(v
∗) + e21vαg(v
∗e12) .
Since (iii’) holds, w is approximately a co-boundary. Take a sequence of unitaries an ∈ U(N)
such that limn ‖wgσg(an) − an‖2 = 0 for all g ∈ Γ. Working in L2(N , ϕ), it follows that
limn ‖v∗wgσg(an) − v∗an‖2 = 0 for all g ∈ Γ. But, v∗wg = αg(v∗) and we conclude that
limn ‖αg(v∗an)− v∗an‖2 = 0 for all g ∈ Γ. Since σϕt (v∗an) = 2itv∗an, the sequence v∗an lies in
L2(N , ϕ) ⊖ C1. Since
‖v∗an‖2 = ‖vv∗an‖2 = ‖e11an‖2 = 1√
2
,
we conclude that the unitary representation π of Γ on L2(N , ϕ) ⊖ C1 given by the action α
weakly contains the trivial representation of Γ. As in [J81], π is weakly contained in the regular
representation of Γ. So it follows that Γ is amenable.
Lemma 4.2. Let Γyσ N be a free action of a countable group Γ on a separable II1 factor N .
Let ω be a non-principal ultrafilter on N and σω the ultrapower action of Γ on Nω defined by
σg((xn)n) = (σg(xn))n for all (xn)n ∈ Nω and g ∈ Γ.
There exists a unitary element u ∈ Nω such that N,σωg (uNu∗), g ∈ Γ, are freely independent.
Thus, if one denotes N˜ =
∨
g σ
ω
g (uNu
∗) then σω leaves N˜ invariant and the restriction of σω to
N ∨ N˜ is isomorphic to the diagonal free product Γy N ∗N∗Γ between σ and the free Bernoulli
Γ-action with base N .
Proof. Since N has trivial relative commutant in M = N ⋊ Γ, by the main theorem of [P92]
and [P13, Theorem 0.1], there exists a Haar unitary u ∈ Nω such that u is freely independent
to the separable II1 factor M . But then, if we denote by (ug)g ∈ M the canonical unitaries
implementing the action σ, it is easy to see that N,uguNu
∗u∗g, g ∈ Γ, are all mutually free von
Neumann subalgebras. Since σ leaves
∨
g uguNu
∗u∗g invariant, and implements on it the free
Bernoulli Γ-action, the lemma follows.
Lemma 4.3. Let Γ be a countable amenable group, N a II1 factor and Γ y
ρ N∗Γ the free
Bernoulli Γ-action with base N . Then ρ is not strongly ergodic.
Proof. Let a = a∗ ∈ N be a semi-circular element and denote by ag its identical copies in
position g ∈ Γ inside the free product N∗Γ. Thus, ρ acts on the set {ag}g by left translation:
ρh(ag) = ahg. Let Kn ⊂ Γ be a sequence of Følner sets and denote bn = |Kn|−1/2
∑
g∈Kn
ag.
Then bn is also a semicircular element and one has
‖ρh(bn)− bn‖22 = |hKn∆Kn|/|Kn| → 0 for all h ∈ Γ .
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Thus, the element b˜ = (bn)n ∈ (N∗Γ)ω is semicircular with ρh(b˜) = b˜ for all h ∈ Γ, showing
that ρ is not strongly ergodic.
Note that the construction of bn in the proof of Lemma 4.3 can also be interpreted as follows.
We apply the free Gaussian functor to the regular representation of Γ. Since Γ is amenable,
the regular representation contains a sequence of almost invariant unit vectors. This provides
approximately Γ-invariant semicircular elements, i.e. the elements bn.
Lemma 4.4. Let Γyσ N be a free action of a countable amenable group Γ on a II1 factor N .
Given any finite subsets F0 ⊂ Γ,X0 ⊂ N and any δ > 0, there exists a d-dimensional abelian
von Neumann subalgebra A0 ⊂ N with all minimal projections of trace 1/d, such that
‖σg(a)− a‖2 ≤ δ and ‖EA′0∩N (x)− τ(x)1‖2 ≤ δ
for all a ∈ (A0)1, g ∈ F0 and x ∈ X0.
Proof. By [P13], there exists a σ-invariant separable II1 subfactor N0 ⊂ N that contains X0
and on which Γ acts freely. By Lemmas 4.2 and 4.3, Nω0 ⊂ Nω contains a σω-invariant II1
subfactor P ⊂ Nω that is freely independent to N0 and on which ρ = σω|P is free and non
strongly ergodic.
Since P is freely independent to N0 and X0 ⊂ N0, we can fix d ≥ 1 such that ‖EB′0∩Nω(x) −
τ(x)1‖2 ≤ δ/2 for every x ∈ X0 and for every d-dimensional abelian von Neumann subalgebra
B0 ⊂ P with all minimal projections having trace 1/d.
Since the action ρ of Γ on P is not strongly ergodic, we can make such a choice of B0 ⊂ P
such that ‖σg(b) − b‖2 ≤ δ/2 for all b ∈ (B0)1 and g ∈ F0. Writing B0 as an ultraproduct of
d-dimensional abelian von Neumann subalgebras B0,n ⊂ N with all minimal projections having
trace 1/d, the subalgebra A0 = B0,n satisfies all required conditions when n is large enough.
In [P18], VC is defined as the class of countable groups Γ with the property that for every free
cocycle action (α, u) of Γ on a II1 factor B, the 2-cocycle u is a co-boundary. It is proved
in [P18] that the class VC is closed under amalgamated free products over finite subgroups,
but is not closed under amalgamated free products over amenable subgroups. One similarly
defines the class VCω of countable groups for which every such 2-cocycle u is approximately a
co-boundary. As a corollary to Theorem 4.1, we prove that VCω is closed under amalgamated
free products over amenable subgroups.
Corollary 4.5. The class VCω is closed under amalgamated free products over amenable sub-
groups. In particular, if Γ1,Γ2 are free products of amenable groups and H ⊂ Γ1,Γ2 is an
amenable subgroup, then Γ1 ∗H Γ2 ∈ VCω.
Proof. The same proof as the one of [P18, Proposition 1.5] shows that if Γ1,Γ2 ∈ VCω and
H ⊂ Γ1,Γ2 is a subgroup with the property that any 1-cocycle for σω is co-boundary, where σ
is an arbitrary free H-action on a II1 factor, then Γ1 ∗H Γ2 lies in VCω as well. But by Theorem
4.1, the latter property is satisfied by any amenable group H.
Remark 4.6. Note that Lemmas 4.2 and 4.3 already show that if Γ is a countable amenable
group, then no free action of Γ on a II1 factor is strongly ergodic. This was shown for N having
property Gamma in [B90], where one actually proves that in this case, one has (N⋊Γ)′∩Nω 6=
C1, by using results in [O85]. One can also give an alternative, more direct (“by hand”)
proof of the lack of strong ergodicity by constructing projections p ∈ N of trace 1/2 that are
almost Γ-invariant by using the Følner condition and “local Rokhlin towers” for Γy N and a
maximality argument.
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Recall that an action α of a countable group G on a countable pmp equivalence relation S on
(X,µ) is called outer if (x, αg(x)) 6∈ S for all g ∈ Γ \ {e} and a.e. x ∈ X.
Theorem 4.7. Let B be a II1 factor with separable predual and Cartan subalgebra A ⊂ B. Let
G be a countable amenable group and α an action of G by automorphisms of A ⊂ B so that
the action on the associated equivalence relation S is outer.
Every 1-cocycle c : G → NB(A) for α is approximately a co-boundary: there exists a sequence
of an ∈ NB(A) such that
lim
n
‖cg − anαg(a∗n)‖2 = 0 for all g ∈ G .
Proof. Fix a finite subset F ⊂ G and ε > 0. We will construct an element a ∈ NB(A) such
that ‖cg − aαg(a∗)‖22 ≤ 8ε for every g ∈ F .
Denote βg = (Ad cg) ◦ αg. Since the action α of G on S is outer, both αg and βg act freely on
A. By the version of the Ornstein-Weiss Rokhlin theorem proved in [KL16, Theorem 4.46], we
can take n ∈ N and, for all i ∈ {1, . . . , n}, a finite subset Ti ⊂ G and projections pi, qi ∈ A such
that the following conditions hold.
• The projections {αh(pi) | i = 1, . . . , n, h ∈ Ti} are orthogonal and their sum p has trace at
least 1− ε.
• The projections {βh(qi) | i = 1, . . . , n, h ∈ Ti} are orthogonal and their sum q has trace at
least 1− ε.
• For every i ∈ {1, . . . , n}, we have that τ(pi) = τ(qi).
• For every g ∈ F and i ∈ {1, . . . , n}, we have that |gTi ∩ Ti| ≥ (1− ε)|Ti|.
Since the equivalence relation S is ergodic, we can choose vi ∈ B such that v∗i vi = pi, viv∗i = qi
and viAv
∗
i = Aqi, for all i ∈ {1, . . . , n}. We can also choose w ∈ B such that w∗w = 1 − p,
ww∗ = 1− q and wAw∗ = A(1− q). Define
a = w +
n∑
i=1
∑
h∈Ti
ch αh(vi) .
Note that a is a sum of partial isometries normalizing A and having orthogonal initial, resp.
final projections. It then follows that a ∈ NB(A).
Fix g ∈ F and define the projection f ∈ A given by
f =
n∑
i=1
∑
h∈gTi∩Ti
αh(pi) .
One checks that cgαg(a)f = af . It then follows that
‖cgαg(a)− a‖22 = ‖(cgαg(a)− a)(1 − f)‖22 ≤ 4τ(1− f) .
We also have that
τ(f) =
n∑
i=1
|gTi ∩ Ti| τ(pi) ≥ (1− ε)
n∑
i=1
|Ti| τ(pi) = (1− ε) τ(p) ≥ 1− 2ε .
So, we have proven that ‖cg − aαg(a∗)‖22 ≤ 8ε for all g ∈ F .
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5 Regular inclusions containing a Cartan subalgebra
Let (M, τ) be a tracial von Neumann algebra with separable predual and Cartan subalgebra
A ⊂M . By [FM75], we can write A = L∞(X) and M = L(R, u) where R is a countable pmp
equivalence relation on the standard probability space (X,µ) and u is a 2-cocycle on R with
values in the circle T. There is a bijective correspondence between intermediate von Neumann
algebras A ⊂ B ⊂ M and subequivalence relations S ⊂ R given by B = L(S, u). Note that
automatically, B′ ∩M ⊂ A′ ∩M = A ⊂ B, so that B′ ∩M = Z(B).
Recall that an action α of a countable group Γ on a countable pmp equivalence relation S on
(X,µ) is called outer if for all g ∈ Γ \ {e}, we have that (x, αg(x)) 6∈ S for a.e. x ∈ X.
We start by sketching the proof of the following folklore result.
Proposition 5.1. In the setting introduced above, we have that the inclusion B ⊂M is regular
if and only if the subequivalence relation S ⊂ R is strongly normal in the sense of [FSZ88,
Definition 2.14].
In that case, writing A ⊂ B as the direct integral of the Cartan inclusions (Ay ⊂ By)y∈Y
with the By being factors, we can write M as the cocycle crossed product of a pmp discrete
measured groupoid G and a free cocycle action (α, u) on this field (Ay ⊂ By)y∈Y . This means
that G(0) = Y and that we are given
1. a measurable field of ∗-isomorphisms G ∋ g 7→ αg : Bs(g) → Bt(g) satisfying αg(As(g)) =
At(g),
2. a measurable field of unitaries G(2) ∋ (g, h) 7→ u(g, h) ∈ NBt(g)(At(g)),
satisfying the conditions in Definition 2.2 and such that for every y ∈ Y , the action of the
isotropy group Γy = {g ∈ G | s(g) = y = t(g)} on the equivalence relation Sy associated with
Ay ⊂ By is outer.
Proof. By definition, strong normality of S ⊂ R means that R is generated by the graphs of
the elements of F = {ϕ ∈ [R] | ϕ ∈ Aut(S)}. Whenever ϕ ∈ F , the corresponding unitary
element uϕ ∈ M = L(R, u) normalizes B = L(S, u). Therefore, strong normality of S ⊂ R
implies the regularity of B ⊂M .
Conversely, assume that B ⊂ M is regular. Since B′ ∩M ⊂ A′ ∩M = A ⊂ B, we get that
B′ ∩M = Z(B). So, as in Section 2, we can write M as a cocycle crossed product of a pmp
discrete measured groupoid G by a free cocycle action on B. To conclude the proof of the
proposition, we have to prove that this cocycle action can be chosen in such a way that it
globally preserves A ⊂ B. For this, it suffices to prove that for every u ∈ NM(B), there exists
a unitary b ∈ U(B) such that bu ∈ NM (A). Fix u ∈ NM(B) and denote by β ∈ Aut(B),
the automorphism given by β(x) = uxu∗ for all x ∈ B. Fix any v ∈ NM(A) and denote by
α ∈ Aut(A), the automorphism given by α(a) = vav∗ for all a ∈ A. Define b = EB(vu∗). It
follows that bβ(a) = α(a)b for all a ∈ A. Denoting by zv ∈ Z(B) the central support of the
element b∗b ∈ B, we conclude that the Cartan subalgebras β(A)zv and Azv of Bzv are unitarily
conjugate. Since A ⊂M is regular, varying v ∈ NM (A), the join of all these central projections
zv ∈ Z(B) is 1. Therefore β(A) and A are unitarily conjugate. So we can choose b ∈ U(B)
such that bβ(A)b∗ = A and thus bu ∈ NM (A).
Ignoring the scalar cocycles in Proposition 5.1, we can also write the equivalence relation R
as the semidirect product of the subequivalence relation S and an outer cocycle action of the
groupoid G by automorphisms of S.
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The main goal of this section is to prove the following analogues of Theorems 3.1 and 3.2.
These results were so far only known for amenable groups (see [FSZ88, Theorem 3.4], [BG84,
Theorem 3.4] and [GS86]).
Theorem 5.2. Let G be a discrete measured groupoid with Y = G(0) and (Ay ⊂ By)y∈Y a
measurable field of Cartan subalgebras in II1 factors with separable predual. Assume that G is
amenable.
When (α, u) is a free cocycle action of G on (Ay ⊂ By)y∈Y , the cocycle u is a co-boundary:
there exists a measurable field of unitaries G ∋ g 7→ wg ∈ NBt(g)(At(g)) such that
u(g, h) = αg(w
∗
h)w
∗
g wgh for all (g, h) ∈ G(2).
Applying Theorem 5.2 in a setup without scalar cocycles, we obtain the following result: if R
is a countable pmp equivalence relation with strongly normal subequivalence relation S ⊂ R
and if the quotient groupoid G is amenable, we can write R as the semidirect product of S by
a free action of G on S.
Proof of Theorem 5.2. The proof follows exactly the same lines as the proof of Theorem 3.1.
We need the following two ingredients.
• Vanishing of 2-cocycles for actions of amenable groups: if B is a separable II1 factor with
Cartan subalgebra A ⊂ B and associated ergodic type II1 equivalence relation S and if
(α, u) is a cocycle action of an amenable group Γ on A ⊂ B such that the corresponding
action on S is outer, then the 2-cocycle u is a co-boundary. Theorem 3.4 in [FSZ88] provides
2-cocycle vanishing for the corresponding outer cocycle action on the equivalence relation S.
So, we may perturb (α, u) such that u(g, h) ∈ U(A) for all g, h ∈ Γ. Writing A = L∞(X,µ),
we now have that Γ y (X,µ) is a free action and we can view u as a scalar 2-cocycle on
the associated orbit equivalence relation. Since this equivalence relation is hyperfinite, the
scalar 2-cocycle u is a co-boundary.
• Approximate vanishing of 1-cocycles for actions of amenable groups: this is Theorem 4.7
above.
We then follow the same method as in the proof of Theorem 3.1. Applying Theorem 3.5, the
result follows.
Below, we then prove the following classification result.
Theorem 5.3. Let R be the hyperfinite II1 factor with Cartan subalgebra A ⊂ R. The inter-
mediate subalgebras A ⊂ B ⊂ R such that B ⊂ R is regular are completely classified by the type
of B and the associated discrete measured groupoid.
More precisely, given for i = 1, 2, von Neumann subalgebras Ai ⊂ Bi ⊂ R with Ai ⊂ R Cartan
and Bi ⊂ R regular, there exists an automorphism θ ∈ Aut(R) satisfying θ(B1) = B2 and
θ(A1) = A2 if and only if B1 and B2 have the same type and G1 ∼= G2.
As in Remark 3.3, it is possible to formulate a version of Theorem 5.3 without assuming
factoriality, i.e. for von Neumann subalgebras of an arbitrary amenable tracial von Neumann
algebra.
In order to deduce Theorem 5.3 from the vanishing of 2-cohomology in Theorem 5.2, we need
to show that an amenable discrete measured groupoid G with G(0) = Y has only one outer
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measure preserving action (up to cocycle conjugacy) on the field (Sy)y∈Y of ergodic hyperfinite
type II1 equivalence relations.
For outer actions of amenable groups on the ergodic hyperfinite type II1 equivalence relation,
this was proved in [BG84, Theorem 3.4] and this should be considered as an equivalence relation
version of Ocneanu’s theorem [O85]. For completeness, we include a short proof of this result
(see Theorem 5.4 and Lemma 5.5 below). We then establish the groupoid case in Theorem 5.7
(by invoking once more Theorem 3.5). Once Theorem 5.7 proven, Theorem 5.3 follows from
Theorem 5.2.
Theorem 5.4 (See [BG84, Theorem 3.4]). Let B be the hyperfinite II1 factor with Cartan
subalgebra A ⊂ B and associated equivalence relation S. Let G be a countable amenable group
and α, β actions of G on A ⊂ B such that the induced action on S is outer.
Then there exists a ∗-automorphism θ ∈ Aut(B) and a 1-cocycle g 7→ cg ∈ NB(A) for the
action α such that θ(A) = A and
θ ◦ βg ◦ θ−1 = (Ad cg) ◦ αg for all g ∈ G .
We prove Theorem 5.4 below, as an immediate consequence of the following lemma, which is a
special case of [GS86, Theorem 1.5].
Lemma 5.5 (See [GS86, Theorem 1.5]). Let R be a countable pmp ergodic hyperfinite equiv-
alence relation on the standard probability space (X,µ). Let α, β : R → G be 1-cocycles with
values in a countable group G. Assume that α, β are surjective and that their kernels are ergodic
subequivalence relations of R. Then, there exists θ ∈ Aut(R) such that
α(x, y) = β(θ(x), θ(y)) for a.e. (x, y) ∈ R.
Proof. In the course of the proof, we again tacitly assume that all statements are valid up to
sets of measure zero. We call a σ-algebra B of Borel subsets of X atomic if B is generated
by countably many minimal elements, called atoms. Note that B is atomic if and only if the
algebra of bounded B-measurable functions is an atomic von Neumann subalgebra of L∞(X).
We call decomposition of R any n-tuple P = (ϕ1, . . . , ϕn) of elements of [[R]] such that the
range sets Xi = R(ϕi) form a partition of X with D(ϕi) = X1 for all i and ϕ1(x) = x for all
x ∈ X1. Note that the graphs of the elements ϕi generate a finite subequivalence relation of R.
We say that such a decomposition is compatible with an atomic σ-algebra B0 and a cocycle
α : R → G if the following conditions hold.
• For every i = 1, . . . , n, the set Xi belongs to B0 and a subset U of X1 belongs to B0 if and
only if ϕi(U) belongs to B0.
• For every g ∈ G and i = 1, . . . , n, the set {x ∈ X1 | α(x, ϕi(x)) = g} belongs to B0.
We denote by G(P,B0) the pseudogroup of partial transformations ϕ with D(ϕ), R(ϕ) ∈ B0
and with the graph of ϕ contained in the finite subequivalence relation generated by P .
Assume now that we have two compatible decompositions: P = (ϕ1, . . . , ϕn), B0, α, and Q =
(ψ1, . . . , ψn), D0, β. Write X1 = D(ϕi) and Y1 = D(ψi). We call isomorphism between these
two compatible decompositions any measure preserving isomorphism θ0 : B0 → D0 satisfying
the following properties.
• θ0(X1) = Y1 and θ0(R(ϕi)) = R(ψi) for all i.
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• θ0(ϕi(U)) = ψi(θ(U)) whenever U ∈ B0 and U ⊂ X1.
• For every g ∈ G and every i, θ0 maps the set {x ∈ X1 | α(x, ϕi(x)) = g} to the set
{y ∈ Y1 | β(y, ψi(y)) = g}.
Further assume that (ϕ′1, . . . , ϕ
′
m) is decomposition of R|X1 . We then define the refined decom-
position P ′ of R consisting of the maps ϕiϕ′j . Let C be any atomic σ-algebra containing B0.
We make the following two claims.
1. There exists an atomic σ-algebra B1 containing C such that the decomposition P ′ is com-
patible with B1 and α.
2. There exists an atomic σ-algebra D1 containing D0 and R|Y1 admits a decomposition
(ψ′1, . . . , ψ
′
m) such that the refined decomposition Q
′ consisting of the maps ψiψ
′
j is compat-
ible with D1 and β, and such that θ0 can be extended to an isomorphism between P ′,B1, α
and Q′,D1, β.
Once these claims are proven, we inductively construct as follows finer and finer compatible
decompositions Pn,Bn, α and Qn,Dn, β and isomorphisms θn between them. At step 0, we
take the trivial decomposition consisting of the identity map on X and the trivial σ-algebras
consisting of ∅ andX. At the n-th step for n odd, using the first part of the claim, we choose the
refinements Pn and Bn in such a way that the pseudogroup G(Pn,Bn) approximately contains
a given finite subset of [[R]]. This is possible because R is hyperfinite. We then use the
second part of the claim to pick Qn,Dn and to extend the isomorphism θn−1 to θn. At the
next even step, we first choose the refinements Qn+1,Dn+1 in such a way that G(Qn+1,Dn+1)
approximately contains a given finite subset of [[R]]. We then pick Pn+1,Bn+1 and extend the
isomorphism θn to θn+1.
Taking the inductive limit, we find a pmp isomorphism θ : X → X with the following properties.
θ ◦ ϕi = ψi ◦ θ and θ
({x ∈ D(ϕi) | α(x, ϕi(x)) = g}) = {y ∈ D(ψi) | β(y, ψi(y)) = g}
whenever ϕi, ψi belong to one of the decompositions Pn, Qn. The graphs of all ϕi, resp. all ψi,
generate the entire equivalence relation R. The first property thus implies that θ ∈ Aut(R).
The second property says that α(x, ϕi(x)) = β(θ(x), ψi(θ(x))). In combination with the first
property, this means that α(x, y) = β(θ(x), θ(y)) for all (x, y) ∈ R and the theorem is proven.
It remains to prove the two claims. To prove the first claim, it suffices to show the following: if
P = (η1, . . . , ηr) is a decomposition of R and C is an atomic σ-algebra, there exists an atomic
σ-algebra B containing C such that P , B and α are compatible. Write Zi = R(ηi). First refine
C so that Zi ∈ C for all i. For every i, define as follows the atomic σ-algebras Ci and Di on Z1.
Define Ci = η−1i (C|Zi) and define Di generated by the partition of Z1 into the subsets
Z1 =
⊔
g∈G
{x ∈ Z1 | α(x, ηi(x)) = g} .
The finitely many atomic σ-algebras Ci and Di generate an atomic σ-algebra on Z1 that we
denote as E . Then define B as the σ-algebra generated by the σ-algebras ηi(E) on Zi. This
concludes the proof of the first claim.
Since θ0(X1) = Y1 and thus θ0(B0|X1) = D0|Y1 , we can choose an atomic σ-algebra E on Y1
such that the restriction of θ0 to B0|X1 extends to a measure preserving σ-algebra isomorphism
θ : B1|X1 → E . Write X ′j = R(ϕ′j) and write X ′1 =
⊔
n Un where the Un are atoms of the
σ-algebra B1. Since the Un are atoms, we find elements gj,n ∈ G such that α(x, ϕ′j(x)) = gj,n
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for all j and all x ∈ Un. Since the cocycle β is surjective, we find non-negligible ψj,n ∈ [[R]]
such that β(y, ψj,n(y)) = gj,n. Since the kernel of β is ergodic, we can make this choice of
ψj,n such that D(ψj,n) = θ(Un) and R(ψj,n) = θ(ϕ′j(Un)). So, for a fixed j ∈ {1, . . . ,m}, the
domains D(ψj,n), n ∈ N, form a partition of θ(X ′1) and the ranges R(ψj,n), n ∈ N, form a
partition of θ(X ′j). We define ψ
′
j by gluing together the ψj,n, n ∈ N. This concludes the proof
of the second claim.
Proof of Theorem 5.4. Write M = B ⋊α G and N = B ⋊β G. Denote by R the hyperfinite
ergodic type II1 equivalence relation on the standard probability space (X,µ). Choose ∗-
isomorphisms π1 :M → L(R) and π2 : N → L(R) satisfying π1(A) = L∞(X) = π2(A). Then,
π1(B) = L(S1) and π2(B) = L(S2) where the Si ⊂ R are subequivalence relations that arise
as the kernel of the natural cocycles R → G. By Lemma 5.5, there exists an automorphism
γ ∈ Aut(R) satisfying γ(S2) = S1. We still denote by γ the induced automorphism of L(R).
Then, θ = π−11 ◦ γ ◦ π2 is a ∗-isomorphism θ : N → M satisfying θ(A) = A and θ(B) = B.
Defining cg ∈ NB(A) such that θ(ug) = cgug and restricting θ to B, we have found the required
cocycle conjugacy between α and β.
In order to prove a groupoid version of Theorem 5.4, we first need the following lemma on
approximate innerness of a cocycle self-conjugacy.
Lemma 5.6. Let B be the hyperfinite II1 factor with Cartan subalgebra A ⊂ B and associated
equivalence relation S. Let G be a countable amenable group and α an action of G on A ⊂ B
such that the induced action on S is outer.
Whenever θ ∈ Aut(A ⊂ B) and cg ∈ NB(A) is a 1-cocycle for the action α satisfying θαgθ−1 =
(Ad cg)αg for all g ∈ G, there exists a sequence wn ∈ NB(A) such that
Adwn → θ in Aut(B) and lim
n
‖cg −wnαg(w∗n)‖2 = 0 for all g ∈ G.
Proof. WriteM = B⋊αG and denote by (ug)g∈G the canonical unitary operators in this crossed
product. We call compatible von Neumann subalgebra of M any von Neumann subalgebra
M0 ⊂ M that is generated by an atomic von Neumann subalgebra A0 ⊂ A and finitely many
partial isometries v1, . . . , vn ∈M satisfying the following properties.
• The projections pi = viv∗i belong to A0 and sum up to 1. We have v∗i vi = p1 for every i.
• We have viA0v∗i = A0pi and viAv∗i = Api.
• There exist projections pi,g ∈ A0 such that for every i, we have that
∑
g∈G
pi,g = p1 and vipi,g ∈ Bug for all g ∈ G.
We claim that M can be generated by an increasing sequence of compatible von Neumann
subalgebras. To prove this claim, let R be the hyperfinite ergodic type II1 equivalence relation
on the standard probability space (X,µ). Choose a ∗-isomorphism π : M → L(R) satisfying
π(A) = L∞(X). Then, π(B) = L(S) for an ergodic subequivalence relation S ⊂ R that arises
as the kernel of a surjective cocycle R → G. Under the isomorphism π, the compatible von
Neumann subalgebras of M correspond to the compatible decompositions of R introduced in
the proof of Lemma 5.5. Our claim then follows from claim 1 in that proof.
Extend θ to an automorphism of M by defining θ(ug) = cgug. To prove the lemma, we need to
prove that there exist elements wn ∈ NB(A) such that Adwn → θ in Aut(M). Let M0 ⊂M be
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a compatible von Neumann subalgebra generated by A0 ⊂ A and v1, . . . , vn as above. Given the
claim above, it suffices to show that there exists an element w ∈ NB(A) such that θ(a) = waw∗
for all a ∈ A0 and θ(vi) = wviw∗ for all i ∈ {1, . . . , n}.
First note that θ(A0) is a discrete von Neumann subalgebra of A whose minimal projections
have the same trace values as those of A0. Since B is a factor, we can pick w1 ∈ NB(A) such
that w∗1θ(a)w1 = a for all a ∈ A0. Write θ1 = (Adw∗1) ◦ θ. We claim that
w2 =
n∑
j=1
θ1(vj)v
∗
j
belongs to NB(A) and satisfies w2a = aw2 for all a ∈ A0 and w2vi = θ1(vi)w2 for all i ∈
{1, . . . , n}. Once this claim is proven, the element w = w1w2 in NB(A) satisfies the required
properties.
Define the projections qi,g = vipi,gv
∗
i . By our assumptions, qi,g ∈ A0 and qi,gvi = vipi,g, while
qi,gvj = 0 if i 6= j. Also,
n∑
i=1
∑
g∈G
qi,g = 1 .
Since θ1 is the identity on A0, it follows that w2qi,g = θ1(vipi,g)(vipi,g)
∗. Since vipi,g ∈ Bug and
thus also θ1(vipi,g) ∈ Bug, it follows that w2 ∈ B.
Since θ1(A) = A and since the vj normalize A, we have for every j ∈ {1, . . . , n} that
w2Apj w
∗
2 = θ1(vj)v
∗
jAvjθ1(v
∗
j ) = θ1(vj)Ap1 θ1(v
∗
j ) = θ1(vjAv
∗
j ) = θ1(Apj) = Apj .
So, w2 ∈ NB(A). The formula w2a = aw2 for all a ∈ A0 follows because θ1 is the identity on
A0 and the vj normalize A0. The formula w2vi = θ1(vi)w2 holds by definition.
Theorem 5.7. Let G be an amenable discrete measured groupoid with G(0) = Y . Let (Ay ⊂
By)y∈Y be a measurable field of Cartan subalgebras with each By being isomorphic to the hy-
perfinite II1 factor. Let α, β be free actions of G on (Ay ⊂ By)y∈Y . Then, α and β are
cocycle conjugate: there exists a measurable field of ∗-automorphisms θy ∈ Aut(By) satisfying
θy(Ay) = Ay and a measurable field G ∋ g 7→ cg ∈ NBt(g)(At(g)) such that
θt(g) ◦ βg ◦ θ−1s(g) = (Ad cg) ◦ αg and chk = ch αh(ck)
for all g ∈ G and (h, k) ∈ G(2).
Proof. As in the proof of Theorem 3.2, we denote by Γy = {g ∈ G | s(g) = y = t(g)} the
isotropy groups of G and we view G as the semidirect product of the field (Γy)y∈Y of groups
and the measurable family of group isomorphisms δ(y,z) : Γz → Γy where (y, z) ∈ R and R is
an amenable nonsingular countable equivalence relation on Y .
Denote by Py the Polish space of cocycle conjugacies between the actions (αg)g∈Γy and (βg)g∈Γy
on Ay ⊂ By. More precisely,
Py :=
{(
θ, (cg)g∈Γy
) ∣∣ θ ∈ Aut(By) , θ(Ay) = Ay , cg ∈ NBy(Ay),
cgh = cgαg(ch) , θβgθ
−1 = (Ad cg)αg for all g, h ∈ Γy
}
.
The topology on Py is given by the usual topology on Aut(By) and the topology of pointwise
‖ · ‖2-convergence on the space of 1-cocycles. By Theorem 5.4, Py is nonempty. Writing
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Gy = NBy(Ay), we have a natural action Gy y Py. By Lemma 5.6, this action has dense
orbits.
Define the measurable field of continuous group isomorphisms R ∋ (y, z) 7→ α(y,z) : Gz →
Gy. Also define the homeomorphisms R ∋ (y, z) 7→ γ(y,z) : Pz → Py given by mapping
(θ, (cg)g∈Γz) ∈ Pz to the automorphism α(z,y)θβ(y,z) of Bz and the 1-cocycle g 7→ α(z,y)(cδ(y,z)(g)).
By Theorem 3.5, we find a measurable field of cocycle conjugacies πy = (θy, (cg)g∈Γy) and a
1-cocycle R ∋ (y, z) 7→ c(y,z) ∈ Gy such that πy = c(y,z) · πz. This precisely means that the
(cg)g∈Γy and (c(y,z))(y,z)∈R combine into a 1-cocycle for α, which together with (θy)y∈Y forms
the required cocycle conjugacy.
6 Remarks on treeability and cost of equivalence relations
The class VC, introduced in [P18], is defined as the class of countable groups Γ satisfying 2-
cohomology vanishing for cocycle actions on II1 factors. We still denote by VC the class of
discrete measured groupoids G satisfying the conclusion of Theorem 3.1. Similarly, we denote
by VCCartan the class of discrete measured groupoids satisfying the conclusion of Theorem 5.2.
As in [P18, Remarks 4.5], one may speculate that for a pmp discrete measured groupoid G,
we have that G ∈ VC iff G ∈ VCCartan iff G is treeable, in the sense discussed in this section.
We elaborate on these speculations below and prove that a groupoid in VCCartan must be
treeable (see Proposition 6.3). This also leads us to a new notion of treeability for countable
pmp equivalence relations, which we call weak treeability. In Proposition 6.4, we relate the
well known open problem whether every treeable countable group Γ is strongly treeable to
the question whether every weakly treeable equivalence relation is treeable. Analogously, we
introduce a fixed price question for equivalence relations and connect it to the same question
for countable groups in Remark 6.6.
We first formulate a definition and then explain the required terminology.
Definition 6.1. A pmp discrete measured groupoid G is said to be treeable if G admits a free
pmp action on a field of standard probability spaces such that the orbit equivalence relation is
treeable.
More concretely, G is treeable if and only if there exists a countable pmp equivalence relation
S on (Y, η) that is treeable, a measure preserving factor map π0 : Y → G(0) and a nonsingular
factor map π : S → G satisfying the following properties
s(π(x, y)) = π0(y) , t(π(x, y)) = π0(x) , π(x, x) = π0(x) for a.e. (x, y) ∈ S,
π(x, y)π(y, z) = π(x, z) for a.e. (x, y), (y, z) ∈ S,
π maps S · y × {y} bijectively onto s−1(π0(y)) for a.e. y ∈ Y .
Recall that a countable equivalence relation S on (Y, η) is called treeable if there exists a Borel
graph T on Y with T ⊂ S and such that for a.e. y ∈ Y , the connected component of y in T is
a tree with vertex set S · y.
Remark 6.2. Definition 6.1 is entirely analogous to the definition of a treeable group. Nev-
ertheless, this definition is potentially confusing: a countable pmp equivalence relation R can
also be viewed as a groupoid. The treeability of R as a groupoid, in the sense of Definition 6.1,
is in principle weaker than the treeability of R as an equivalence relation.
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We therefore say that a pmp equivalence relation R is weakly treeable if it is treeable as a
groupoid. So the countable pmp equivalence relation R on (X,µ) is weakly treeable if and only
if there exists a countable pmp equivalence relation S on (Y, η) that is treeable and a measure
preserving factor map π : Y → X mapping S · y bijectively onto R · π(y) for a.e. y ∈ Y .
In the same way as the Connes-Jones cocycles of [CJ84] were used in [P18, Section 4] to obtain
restrictions on the countable groups in VC, we can prove the following result.
Proposition 6.3. If a pmp discrete measured groupoid G belongs to VCCartan, then G is treeable
in the sense of Definition 6.1.
Proof. Denote by (X,µ) the probability space of units of G. Choose, up to measure zero,
countably many subsets Un ⊂ G such that s|Un and t|Un are bijections from Un onto X and
such that G = ⋃n Un. Denote Γ = F∞ with free generators an ∈ Γ, n ∈ N. Choose a free pmp
mixing action Γ y (Y, η), e.g. a Bernoulli action. For every n, define the measure preserving
automorphism ϕn ∈ Aut(X,µ) given by ϕn = t ◦ (s|Un)−1. Define the action Γy (X,µ) given
by
a2n · x = ϕn(x) and a2n+1 · x = x for all n ∈ N, x ∈ X .
Then consider the diagonal action Γy X × Y and denote by S the orbit equivalence relation.
Denote by π : S → G the unique groupoid morphism satisfying
π
(
(x, y), (x, y)
)
= x , π
(
a2n · (x, y), (x, y)
)
= (s|Un)−1(x) and π
(
a2n+1 · (x, y), (x, y)
)
= x .
The kernel of π is given by a field of orbit equivalence relations
(R(Λx y Y ))x∈X , where
a2n+1 ∈ Λx for all x ∈ X, n ∈ N. Then π induces a cocycle action of G on this field of ergodic
type II1 equivalence relations.
Since G ∈ VCCartan, this cocycle action can be chosen to be a genuine action. This means that
we find a Borel family of measure preserving automorphisms G ∋ g 7→ θg ∈ Aut(Y, η) satisfying
the following properties.
θg ◦ θh = θgh , (t(g), θg(y)) ∼S (s(g), y) , π
(
(t(g), θg(y)), (s(g), y)
)
= g
for all (g, h) ∈ G(2) and y ∈ Y .
It follows that S0 :=
{(
(t(g), θg(y)), (s(g), y)
) | g ∈ G} is a subequivalence relation of S. Since
S is treeable, it follows from [G99, The´ore`me 5] that also S0 is treeable. The restriction of
π maps S0 onto G and maps S · (x, y) × {(x, y)} bijectively onto s−1(x). By definition, G is
treeable.
Recall that a countable group Γ is called strongly treeable if for every free pmp action Γ y
(X,µ), the orbit equivalence relation is treeable. It is a wide open problem whether every
treeable group is strongly treeable.
Proposition 6.4. The following two statements are equivalent (see Remark 6.2 for a disam-
biguation of terminology).
1. Every treeable countable group is strongly treeable.
2. If a countable pmp equivalence relation R is weakly treeable and is the orbit relation of a
free action of a countable group, then R is treeable.
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If one believes that there exist treeable groups that are not strongly treeable, it could therefore
be easier to first find weakly treeable, but non treeable equivalence relations.
Proof. 1 ⇒ 2. Assume that R = R(Γy X) for some free pmp action Γy (X,µ) and assume
that R is weakly treeable. Choose a pmp action of R such that its orbit equivalence relation S
on (Y, η) is treeable. Denote by π : Y → X the corresponding measure preserving factor map
that maps S-orbits bijectively onto R-orbits. Since π is bijective on orbits, there is a unique
action Γy Y such that g ·y ∈ S ·y for all g ∈ Γ, y ∈ Y and π(g ·y) = g ·π(y). By construction,
the action Γy (Y, η) is free and pmp, and S is its orbit equivalence relation.
Since S is a treeable equivalence relation, it follows that Γ is a treeable group. Since 1 holds,
Γ is strongly treeable and it follows that also R is a treeable equivalence relation.
2 ⇒ 1. Let Γ be a countable group and let Γ y (X,µ), Γ y (Y, η) be free pmp actions.
Assume that the orbit equivalence relation R(Γy X) is treeable. We have to prove that also
R(Γ y Y ) is a treeable equivalence relation. Using the factor map X × Y → X, the treeing
of R(Γ y X) can be lifted to a treeing of the orbit equivalence relation R(Γ y X × Y ) for
the diagonal action. Using the factor map X × Y → Y , we conclude that R(Γy Y ) is weakly
treeable. Since 2 holds, R(Γy Y ) is treeable.
In the proofs of Theorems 3.1, 5.2 and 5.7, we used the following result: if G is a discrete mea-
sured groupoid such that the associated countable equivalence relation R on G(0) is amenable,
then G can be written as the semidirect product of R acting on the field of isotropy groups
of G. Also this is a 2-cohomology vanishing result, for cocycle actions on fields of countable
groups. We finally prove that the same 2-cohomology holds for arbitrary treeable equivalence
relations and is a characterization of treeability.
Proposition 6.5. Let R be a countable nonsingular equivalence relation on the standard prob-
ability space (X,µ). The following two statements are equivalent.
1. R is treeable.
2. Every discrete measured groupoid G with G(0) = X and with R = {(t(g), s(g)) | g ∈ G} can
be written as a semidirect product of R acting on the field of isotropy groups of G.
Proof. 1 ⇒ 2. Since R is treeable, we can decompose R as a free product of amenable sub-
equivalence relations. On each of these, the quotient map G → R can be lifted as a groupoid
homomorphism and these lifts can be combined into a well defined groupoid homomorphism
R→ G by freeness.
2 ⇒ 1. Denote Γ = F∞ and choose a nonsingular action Γy (X,µ) such that R = {(g · x, x) |
g ∈ Γ, x ∈ X}. Define the action groupoid G = Γ×X with G(0) = X, s(g, x) = x, t(g, x) = g ·x
and (g, h · x) · (h, x) = (gh, x). Since 2 holds, there is a groupoid homomorphism R→ G lifting
the quotient map G → R. So there exists a cocycle ω : R→ Γ such that ω(x, y) · y = x for a.e.
(x, y) ∈ R. Removing from X a Borel set of measure zero, we may assume that ω is a Borel
cocycle and that ω(x, y) · y = x for all (x, y) ∈ R.
Define on X × Γ the countable Borel equivalence relation S given by (x, g) ∼S (y, h) if and
only if x ∼R y. Define the subequivalence relation T ⊂ S given by (x, g) ∼T (y, h) if and only
if x ∼R y and g = ω(x, y)h. Since the restriction of T to each of the subsets X × {g} is the
trivial equivalence relation, it follows that T admits a Borel fundamental domain Y ⊂ X × Γ.
Define the Borel map π : X × Γ → Y such that π(x, g) ∼T (x, g). Then define the action
of Γ on Y given by h · (x, g) = π(x, gh−1). By construction, this action is free and its orbit
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equivalence relation coincides with S|Y . So, S|Y is a treeable Borel equivalence relation. By
[JKL01, Proposition 3.3] (see also [G99, The´ore`me 5 and Proposition 2.6] in the pmp setting),
it first follows that S is treeable and then that the restriction of S to X × {e} is treeable. The
latter being equal to R, the proposition is proven.
Remark 6.6. Recall that a countable group Γ is said to have fixed price if all orbit equivalence
relations for free pmp actions of Γ have the same cost, in the sense of [G99]. The well known
fixed price problem asks whether all countable groups have fixed price.
Let R be a countable pmp equivalence relation on (X,µ). Whenever S on (Y, η) is the orbit
relation for a free pmp action of R (equivalently, there is a measure preserving factor map
Y → X that is bijective on a.e. orbit), any graphing for R lifts to a graphing of S, so that
cost(S) ≤ cost(R). We can therefore ask the following fixed price question for the equivalence
relation R: do we have cost(S) = cost(R) for each such orbit relation S ?
With precisely the same argument as in the proof of Proposition 6.4, we get that the following
two statements are equivalent.
1. Every countable group has fixed price.
2. Every countable pmp equivalence relation that is the orbit relation of a free action of a
countable group, has fixed price.
So exactly as above, if one believes that there exist countable groups that do not have fixed
price, it might be easier to first find countable equivalence relations that do not have fixed
price.
Note here as well that in the above context, the L2-Betti numbers of S and R coincide. Indeed,
viewing S as the orbit relation of a free pmp action of R, one may repeat, mutatis mutandis,
the proofs of [G01, Corollaire 3.16] or [S03, Theorem 5.5] (see also [PSV15, Remark 9.24]
for an alternative proof in terms of Cartan inclusions). So a counterexample for the fixed
price question for equivalence relations would also provide a counterexample for the equally
wide open problem asking whether cost(R) = β(2)1 (R) + 1 for every ergodic countable pmp
equivalence relation with infinite orbits.
7 (Non-)classification of discrete amenable groupoids
Theorems 3.2 and 5.3 provide a complete classification of the regular von Neumann subalgebras
B of the hyperfinite II1 factor R satisfying B
′ ∩ R = Z(B) in terms of the associated discrete
measured groupoid G. Every amenable discrete measured groupoid is the semi-direct product
of a measurable field of amenable groups and an action of a countable amenable equivalence
relation. Although there is a unique amenable ergodic equivalence relation of type II1, the
classification of amenable discrete groupoids is strictly more complex than the classification of
amenable groups, as we show in the following examples. All this is meant in the descriptive set
theoretic sense of the word (see e.g. [H00]).
7.1 Measurable fields of amenable groups
Let X0 be the uncountable standard Borel space and assume that we are given a Borel family
(Γx)x∈X0 of amenable groups with the property that Γx 6∼= Γy if x 6= y. More concretely, one
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could take X0 = {0, 1}P , where P denotes the set of prime numbers, and define for x ∈ X0,
Γx =
⊕
p∈P,xp=1
Z/pZ .
For every probability measure µ on X0, we define G(µ) as the direct integral w.r.t. µ of the
amenable groups (Γx)x∈X0 . By construction, G(µ1) ∼= G(µ2) if and only if µ1 and µ2 are
absolutely continuous. By [KS99, Theorem 2.1], the nonatomic probability measures on X0
(up to absolute continuity) are not classifiable by countable structures. Countable amenable
groups form, by definition, a countable structure. In this sense, already these trivial examples
show that the classification of amenable discrete measured groupoids is strictly harder than
the classification of amenable groups.
7.2 Ergodic amenable discrete groupoids
In order to arise from regular inclusions B ⊂ R with R being the hyperfinite II1 factor, we need
to consider ergodic groupoids G. Unclassifiably many ergodic amenable discrete groupoids can
be constructed as follows. Again take X0 = {0, 1}P , where P denotes the set of prime numbers.
We now define, for x ∈ X0, the subgroup Λx ⊂ Q given by
Λx = 〈p−k | p ∈ P, xp = 1, k ∈ N〉 .
One checks that for x 6= y, every group homomorphism Λx → Λy is trivial. Then define
X = XZ0 and for every x ∈ X, put
Γx =
⊕
n∈Z
Λxn .
Consider the Bernoulli action Z y X given by (k · x)n = xn−k and denote by δk,x : Γx → Γk·x,
the natural group isomorphism. We then define the Borel groupoid G0 as the union of all
(Γx)x∈X with unit space X, and we define G as the semidirect product of G0 and Z, acting
by the automorphisms that we just defined. For every probability measure µ on X0, the
product measure µZ onX is Z-invariant, so that we obtain the ergodic, pmp, amenable, discrete
measured groupoid G(µ).
We claim that again G(µ1) ∼= G(µ2) if and only if the measures µ1 and µ2 are absolutely
continuous. So also the discrete measured groupoids that are ergodic, pmp and amenable are
unclassifiable by countable structures. To prove the claim, it suffices to show the following
statement: if U ⊂ X0 is a Borel set such that µ1(U) > 0 and µ2(U) = 0, then for µZ1 -a.e. x ∈ X
and µZ2 -a.e. y ∈ X, we have that Γx 6∼= Γy. Fix such a Borel set U ⊂ X0. For µZ1 -a.e. x ∈ X, we
have that there exists an n ∈ Z with xn ∈ U , so that one of the groups Λa, a ∈ U , is a quotient
of Γx. For µ
Z
2 -a.e. y ∈ X, we have that yn 6∈ U for all n ∈ Z, so that none of the groups Λa,
a ∈ U , is a quotient of Γy. Then the claim is proven.
7.3 Amenable discrete groupoids with constant isotropy groups
In all the examples so far, we obtain “many” groupoids by exploiting that there are “many”
amenable groups to choose from as isotropy groups Γx. But even the ergodic pmp amenable
discrete groupoids G with constant isotropy groups Γx ∼= H for a fixed amenable group H can
be unclassifiable. This however depends on the choice of H, as we prove in Corollary 7.2: when
H = Z, there are only countably many such groupoids G up to isomorphism, while for H = Z2,
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we encode ergodic transformations of the interval [0, 1] up to conjugacy into such amenable
groupoids up to isomorphism.
Fix a countable nonsingular equivalence relation R on the standard probability space (X,µ)
and fix a countable group H. For every 1-cocycle
δ : R → Aut(H) : (x, y) 7→ δ(x,y) ,
define the groupoid Gδ = H ×R with G(0)δ = X and
s(g, x, y) = y , t(g, x, y) = x and (g, x, y) · (h, y, z) = (gδ(x,y)(h), x, z) .
Note that Gδ is amenable if and only if both H and R are amenable.
Conversely, every discrete measured groupoid G with the properties that the isotropy groups Γx
are isomorphic with a fixed group H for a.e. x ∈ X = G(0) and that the associated equivalence
relation on (X,µ) is amenable, is isomorphic with Gδ for some 1-cocycle δ : R→ Aut(H).
As in [BG90, Definition 1.2], given a Polish group G, the 1-cocycles δ, δ′ : R → G are called
weakly equivalent if there exists a ∆ ∈ Aut(R) such that δ is cohomologous with δ′ ◦ ∆.
More concretely, ∆ and ∆′ are weakly equivalent if and only if there exists a nonsingular
automorphism ∆ ∈ Aut(X,µ) and a Borel map ϕ : X → G such that
∆(R · x) = R ·∆(x) for a.e. x ∈ X, and
δ′(∆(x),∆(y)) = ϕ(x) δ(x, y)ϕ(y)−1 for a.e. (x, y) ∈ R.
Proposition 7.1. Let R be an amenable countable nonsingular equivalence relation and let
H be a countable group. Define the Polish group G = Aut(H)/Inn(H) and denote by p :
Aut(H)→ G the quotient map.
1. Let δ, δ′ : R → Aut(H) be 1-cocycles. Then Gδ is isomorphic with Gδ′ if and only if the
G-valued 1-cocycles p ◦ δ and p ◦ δ′ are weakly equivalent.
2. For every 1-cocycle δ0 : R→ G, there exists a 1-cocycle δ : R→ Aut(H) satisfying δ0 = p◦δ.
Proof. 1. A direct computation gives that Gδ ∼= Gδ′ if and only if there exists a ∆ ∈ Aut(R)
and Borel maps
ω : R → H : (x, y) 7→ ω(x, y) and θ : X → Aut(H) : x 7→ θx
such that
ω(x, z) = ω(x, y) δ(x,y)(ω(y, z)) for a.e. (x, y), (y, z) ∈ R, (7.1)
Adω(x, y) ◦ δ(x,y) = θx ◦ δ′(∆(x),∆(y)) ◦ θ−1y for a.e. (x, y) ∈ R, (7.2)
and with the isomorphism θ : Gδ′ → Gδ given by θ(g,∆(x),∆(y)) = (θx(g)ω(x, y), x, y). So if
Gδ ∼= Gδ′ , we immediately get that p ◦ δ and p ◦ δ′ are weakly equivalent.
Conversely, assume that p ◦ δ and p ◦ δ′ are weakly equivalent. Since R is amenable, we can
write, up to measure zero, X = X1⊔X2 so that the restriction of R to X1 is of type I, while the
restriction of R to X2 is the orbit relation of a free action of Z implemented by T ∈ Aut(X2, µ).
Every 1-cocycle for R|X1 is cohomologous to the trivial 1-cocycle, so that the restrictions of
Gδ and Gδ′ to X1 are both isomorphic with the direct product of H and R|X1 . We may thus
assume that X = X2.
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Since p ◦ δ and p ◦ δ′ are weakly equivalent, using a Borel lift G → Aut(H) for the quotient
homomorphism p, we find an automorphism ∆ ∈ Aut(R) and a Borel map θ : X → Aut(H) :
x 7→ θx such that the 1-cocycle δ′′ defined by
δ′′(x, y) = θx ◦ δ′(∆(x),∆(y)) ◦ θ−1y
satisfies p ◦ δ = p ◦ δ′′. By [JT82, Appendix], because R is amenable, we can modify θ and
choose a Borel map η : X → H such that
Ad η(x) ◦ δ(Tx,x) = θTx ◦ δ′(∆(Tx),∆(x)) ◦ θ−1x (7.3)
for a.e. x ∈ X. Uniquely define ω : R → H such that (7.1) holds and ω(Tx, x) = η(x) for all
x ∈ X. Then (7.2) follows from (7.3) and we obtain that Gδ ∼= Gδ′ .
2. Let δ0 : R → G be a 1-cocycle. Also here, we may assume that R is the orbit relation of a
free action of Z implemented by T ∈ Aut(X,µ). Using a Borel lift G→ Aut(H), choose a Borel
function η : X → Aut(H) such that p(η(x)) = δ0(Tx, x) for a.e. x ∈ X. Define δ : R→ Aut(H)
as the unique 1-cocycle satisfying δ(Tx, x) = η(x) for all x ∈ X. It follows that p ◦ δ = δ0.
To every 1-cocycle δ : R → G with values in a lcsc group G is associated the Mackey action,
defined as follows. We equip G with its left or right Haar measure and consider on X ×G the
equivalence relation Rδ given by (x, g) ∼Rδ (y, h) if and only if x ∼R y and g = δ(x, y)h. The
group G acts by automorphisms of Rδ given by g ·(x, h) = (x, hg−1). We define the nonsingular
action Gy (Y, η) in such a way that L∞(Y ) can be identified with the Rδ-invariant functions
in L∞(X ×G). If R is ergodic, the action Gy (Y, η) is ergodic. It is called the Mackey action
of the 1-cocycle δ. Clearly, weakly equivalent 1-cocycles give rise to conjugate Mackey actions.
When R is amenable and pmp, by [GS91, Theorem 3.1], the converse holds for recurrent 1-
cocycles. Here, δ is called recurrent if Rδ is not of type I. In this way, we get the following
corollary to Proposition 7.1.
Corollary 7.2. Fix a countable group H. Consider all discrete measured groupoids G such
that almost every isotropy group is isomorphic with H and such that the associated equiva-
lence relation R is the unique ergodic hyperfinite type II1 equivalence relation. Write G =
Aut(H)/Inn(H).
1. If G is a compact group, the groupoids G are concretely classifiable in terms of the space of
closed subgroups of G up to conjugacy.
2. If G is discrete and contains a copy of Z, the groupoids G are not classifiable by countable
structures: to every weakly mixing measure preserving transformation T ∈ Aut([0, 1]), we
can associate such a groupoid GT such that GT ∼= GS if and only if the transformations T, S
are (flip) conjugate.
Note that we are in the first situation when H = Z or when H is a finite group, while we are
in the second situation when H = Zn with n ≥ 2.
Proof. 1. By Proposition 7.1, the classification of the groupoids G is equivalent with the clas-
sification of the 1-cocycles δ : R → G up to weak equivalence. The Mackey action of such a
1-cocycle is an ergodic action of the compact group G and thus of the form Gy G/K for some
closed subgroup K < G. Two such actions are conjugate if and only if the corresponding closed
subgroups are conjugate. Using the canonical K-valued 1-cocycle for the action Z y KZ/K,
where K is sitting diagonally in KZ and Z is acting as a shift, every action G y G/K arises
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as the Mackey action of a 1-cocycle. Finally, for every 1-cocycle δ : R → G, the equivalence
relation Rδ preserves a probability measure, so that every 1-cocycle δ : R → G is recurrent.
By the discussion above, using [GS91, Theorem 3.1], the result follows.
2. Denote by p : Aut(H)→ G the quotient homomorphism. Choose α ∈ Aut(H) such that a :=
p(α) is an element of infinite order in G. Fix a standard nonatomic probability space (X,µ).
For every weakly mixing pmp transformation T ∈ Aut(X,µ), consider the orbit equivalence
relation RT ∼= R of the associated Z-action and consider the 1-cocycle δT : RT → Aut(H)
given by δT (T
nx, x) = αn for all x ∈ X, n ∈ Z. Denote by GT the associated groupoid.
We distinguish two cases.
a. There exists an element g ∈ G such that gag−1 = a−1.
b. There is no element g ∈ G such that gag−1 = a−1.
We prove that in case a, the groupoids GT and GS , for weakly mixing pmp transformations
T, S ∈ Aut(X,µ), are isomorphic if and only if there exists a ∆ ∈ Aut(X,µ) such that ∆T∆−1 =
S±1. In case b, we prove that GT ∼= GS if and only if there exists a ∆ ∈ Aut(X,µ) such that
∆T∆−1 = S.
When T and S are conjugate, it is immediate that GT ∼= GS . When ∆T∆−1 = S−1 and
gag−1 = a−1, it follows that ∆ is an isomorphism of RT onto RS and that
g (p ◦ δS ◦∆)(x, y) g−1 = (p ◦ δT )(x, y)
for all (x, y) ∈ RT . So, the 1-cocycles p ◦ δS and p ◦ δT are weakly equivalent. It follows from
Proposition 7.1 that GT ∼= GS .
Conversely, assume that GT ∼= GS . By Proposition 7.1, the 1-cocycles p ◦ δS and p ◦ δT are
weakly equivalent. So, their Mackey actions are conjugate. These Mackey actions are precisely
the induced actions Gy G×SX, resp. Gy G×T X, of Z y (X,µ) given by S, resp. T , where
Z is identified with the subgroup of G generated by a. Denote by ∆ : G×S X → G×T X the
conjugacy of the Mackey actions. Since S and T are weakly mixing transformations, we must
have ∆({e} × X) = {g} × X with g−1aZg = aZ. If g−1ag = a, it follows that S and T are
conjugate. If g−1ag = a−1, it follows that S and T−1 are conjugate.
By [FW03] (see also [K10, Theorem 5.7.b]), the classification of weakly mixing pmp transfor-
mations up to (flip) conjugacy is not classifiable by countable structures. So the groupoids G
are not classifiable by countable structures.
7.4 Exotic examples
Let R be the unique hyperfinite equivalence relation of type II1. In this section, we construct
for every ergodic subequivalence relation R0 ⊂ R an ergodic pmp amenable discrete groupoid
G(R0) and prove that G(R0) ∼= G(R1) if and only if there exists ϕ ∈ [R] such that (ϕ×ϕ)(R0) =
R1. So, the classification of this family G(R0) of amenable discrete measured groupoids is
equivalent with the classification, up to conjugacy by an element of the full group, of all
ergodic subequivalence relations of the hyperfinite type II1 ergodic equivalence relation R.
Put X = {0, 1}P and denote by µ the product of the uniform probability measure on {0, 1}.
View X as the space of subsets of the set P of prime numbers. For every Q ∈ X, define the
subgroup ΓQ ⊂ Q given by
ΓQ = 〈p−1 | p ∈ Q〉 .
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By construction, ΓQ ∼= ΓQ′ if and only if |Q △ Q′| < ∞. Realize R as the countable pmp
equivalence relation on (X,µ) consisting of all (Q,Q′) with |Q △ Q′| < ∞. We construct
for every (Q,Q′) ∈ R a canonical isomorphism δ(Q,Q′) : ΓQ′ → ΓQ. Define the element
q(Q,Q′) ∈ Q∗ given by
q(Q,Q′) =
( ∏
p∈Q\Q′
p−1
)
·
( ∏
p∈Q′\Q
p
)
.
Then define δ(Q,Q′) given by multiplication with q(Q,Q′). One checks that
δ(Q,Q′′) = δ(Q,Q′) ◦ δ(Q′,Q′′) for all (Q,Q′), (Q′,Q′′) ∈ R.
So we can define the discrete measured groupoid G as the semidirect product of the field
(ΓQ)Q∈X and the equivalence relation R, with the invariant probability measure µ.
For every ergodic subequivalence relation R0 ⊂ R, we denote by G(R0) the subgroupoid of G
given by only taking the semidirect product withR0. Since ΓQ ∼= ΓQ′ if and only if (Q,Q′) ∈ R,
the family of groupoids G(R0) has the properties mentioned above.
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